Abstract In this paper, Fourier and Wavelet transformation were adopted to analyze shape characteristics, with twelve simple shapes and two types of second phases from real microstructure morphology. According to the results of Fast Fourier transformation (FFT), the Fourier descriptors can be used to characterize the shape from the aspects of the first eight Normalization amplitudes, the number of the largest amplitudes to inverse reconstruction, similarity of shapes and profile roughness. And the Diepenbroek Roughness was rewritten by Normalization amplitudes of FFT results. Moreover, Sum Square of Relative Errors (SSRE) of Wavelet transformation (WT) signal sequence, including approximation signals and detail signals, was introduced to evaluate the similarity and relative orientation among shapes. As a complement to FFT results, the WT results can retain more detailed information of shapes including their orientations. Besides, the geometric signatures of the second phases were extracted by image processing and then were analyzed by means of FFT and WT.
Introduction
Shapes with associated features such as size, shape, profile roughness (boundary irregularity) and orientation have drawn extensive attention in the scientific studies. [1] [2] [3] [4] [5] [6] [7] For example, in material studies, the shape characteristics of second phases and particles have been regarded as important factors affecting materials mechanical behavior. 8 Features such as size, shape, profile roughness and orientation can be estimated by the equivalent diameter, shape factor, fractal dimension and Feret angle. 1, 9 In the past decades, researchers have proposed various methods of studying and categorizing shape characteristics. 1, [3] [4] [5] [6] [7] 10 Hentschel and Page 1 have identified redundant descriptors for shape characteristics such as aspect ratio and the square root of form factor, with each descriptor sensitive to a different attribute of shape elongation and ruggedness, respectively. Zhang and Lu 5 have classified and reviewed a variety of methods of shape representation and description techniques from both contour-based methods and region-based methods. Through multi-scale fractal dimension, Backes and Bruno 3 have successfully represented and characterized shape contour in a dynamic evolution context. What's more, artificial neural network has been introduced by Clark et al. 11 to identify the shape features of plants. Still, balance between accuracy and efficiency for shape description should be met with appropriate descriptors. Among these techniques, spectrum analysis as an effective tool with many advantages, such as being simple to compute, overcoming the problem of noise sensitivity and boundary variations, has been utilized widely in shape description. 5 Drevin 6 have used the Fourier transform results to determine roundness of particles. Kindratenko et al. 12 have applied Fourier and fractal analyses to describe the shape of micro particles from microscope images. Li et al. 13 have analyzed the irregularity of graphite nodules of ductile iron in one-, twoand three-dimensional space. Through the utilization of a Fourier-wavelet representation, Lestrel et al. 14 have characterized 2D shape features within biological sciences. Though plenty of works have been done by means of the above studies, seldom of them is related to the influence of analyzed shape orientation and shape axis ratio on spectrum analysis results.
In this paper, with different types of simple shapes, shape characteristics including shape similarity, influence of orientation, shape axis ratio and profile roughness have been processed by using both Fourier transformation (FT) and Wavelet transformation (WT) in Sections 3 and 4. Besides, the application of spectrum analysis to the second phases from real microstructure morphology is shown in Section 5.
Methodology

Extracting geometric signature
The analysis of this study can be divided into two parts as twelve simple shapes and the second phases from real microstructure morphology. In the first part, simple shapes are selected to analyze the circle, ellipse, triangle, square and rectangle, with the same equivalent diameter ED = 50 (ED = 4pA/P, P, perimeter; A, shape area). Specified shape parameters are: circle, ellipse (1:1.5) (1:1.5, meaning the ratio of length of axis or side at horizontal to vertical, the same as below), ellipse (1:2), ellipse (2:1), ellipse (1:3), equilateral triangle (triangle-1), and its rotated 60°relative to triangle-1 (triangle-2), square (square-1), and with a rotation 45°(square-2), rectangle (2:1), rectangle (1:2), and rectangle (1:3). In the second part, two second phases are from the real microstructure morphology.
As for spectrum analysis, the geometric signature should be firstly extracted from shapes. 5, 6 With regard to simple shapes, their centroids are easy to be determined, while the centroids of the second phases have to be calculated by image processing (which is discussed at length in Section 5). Then, geometric signatures of shape profiles are extracted by radial vectors originating from the centroid and terminating at the boundary of the shape sweeping through 360°, starting from x axis along the counter-clockwise (as shown in Fig. 1 ). In this research, 128 (2 7 ) radial measurements are chosen with an angle increment by 2.8125°, which is prepared as shape geometric signature for the following analysis.
Fourier transformation (FT)
Fourier transformation is a procedure of high efficiency for spectrum analysis of a time series, especially for processing signals. In essence, it is a way to decompose the limited signal f(t) to the space based on orthogonal vector {e iwt }(i is the square root of À1, w is period parameter), and the transformation equations are as follows:
In the above equation, w 1 , w 2 and m, n are the period and space parameters, respectively. F(w 1 ,w 2 ) is the Fourier space representation of f(m,n) with its discrete form as
where
In terms of the adopted Fast Fourier Transformation (FFT) method, the efficiency of FT has been greatly improved within a wide range of application, including spectral analysis, signal processing and Fourier spectroscopy. According to FFT analysis, the amplitude can be written as follows:
where R(u) and I(u) are the real and imaginary parts of the transforming data; j is the square root of À1. A Description of shape characteristics through Fourier and wavelet analysis
Wavelet transformation (WT)
Wavelet transformation is of multi-resolution characteristics which can decompose the signals into time segments in high frequency domain, and frequency subdivision in low frequency domain through signal (function) translation operations. According to the requirement of analysis, any details in a signal can be focused on. Through WT, the limited signal f(t) can be decomposed to the space W Àj (j = 1,2,. . ., J) and V Àj (j = 1, 2, ..., J). By applying the proper basic wavelet, the detailed information of signals in the time domain and frequency domain can be obtained. The equations for Wavelet transformation are as follows:
In which, WT f (a, b) are the wavelet coefficients, and 
Fourier transformation for simple shapes
Analysis of FFT results
Because the amplitudes in high frequency (>0.07 Hz) of FFT results are small, as shown in Figs. 2 and 3, the FFT amplitude and their first eight Normalization amplitudes in frequency ranging from 0 to 0.07 Hz are plotted. For all the twelve shapes of the same equivalent diameter, the 0th amplitudes of FFT results, corresponding to an average magnitude of analyzed signal, are distinct due to the differences among shapes.
The influences of shape orientation, axis ratio and sequence of Normalization amplitude are discussed as follows:
(1) Comparing the Normalization amplitudes among different orientation shapes, namely ellipse (1:2) and ellipse (2:1), triangle-1 and triangle-2, square-1 and square-2, rectangle (2:1) and rectangle (1:2), it is observed that the influence of shape orientation by FFT is little because they have the same amplitude distribution in both magnitudes and the order. In fact, they are the same signal segment with different starting positions. Therefore, they can be translated in the same spectrum (Normalization amplitudes) by FFT. (2) The FFT results of similar shape type with different axis/side length ratios, namely circle, ellipse (1:1.5), ellipse (1:2), and ellipse (1:3); square, rectangle (1:2), and rectangle (1:3), have been compared in the group. It is found that the circle has single 0th amplitude. Different from circle, the 2nd and the 4th amplitude of ellipses increase gradually along with the decrease of the ratio. The same trend can be seen in rectangles that the 2nd Normalization amplitude rises with the increase of the ratio. This feature may be related to elongation of shapes. Hence, the 2nd Normalization amplitude can be considered as axis ratio index to some extent. (3) As to non-triangle shapes, the 1st, 3rd, 5th and 7th normalized amplitudes remain the same value 0, while those amplitudes of triangles are distinct, especially of the 3rd one. Also, the 8th normalized amplitudes are salient for triangles and rectangles (including squares), different from circle and ellipses. According to the above results, it may be related to the asymmetry and triangularity of the 1st, 3rd, 5th and 7th Normalization amplitudes, especially the triangularity index of the 3rd one. And the 8th Normalization amplitudes may be related to the squareness of the shapes.
Similarity of shapes by FFT results
In order to ascertain the difference (or similarity) between the two shapes, a variable D can be used to describe this feature as follows: normalized amplitudes series. Taken the difference between ellipses to circle as an example, the calculated results are 0.1972 for ellipse (1:1.5) to circle, 0.3208 for ellipse (1:2) to circle, 0.4585 for ellipse (1:3) to circle. With aspect ratio increasing, the similarities of ellipses to circle are getting worse.
Inverse Fast Fourier Transform (IFFT)
The aim of FFT is to obtain a series of Fourier descriptors for input signals. Actually, one Fourier descriptor is not enough to quantitatively identify an analyzed signal. Here, Inverse Fast Fourier Transform (IFFT) is applied to determining how many the first largest FFT harmonics (sequenced from the great magnitude harmonics to the smaller ones) are needed to reconstruct the shape signal. The total Sum of the Square of Relative Errors (SSRE) is introduced to estimate the differences between original shape and reconstructed shape by IFFT as follows:
where r o i ðhÞ is the ith original measurement for accumulative angle h, and r IFFT i ðhÞ is the ith original measurement for accumulative angle h of IFFT results. Fig. 4 shows the SSRE between original shape measurements and obtained shape measurements, which is from IFFT by using the first several largest Fourier descriptors. As the number of first largest Fourier descriptors increases, the decrease of SSRE implies higher accuracy by means of IFFT approach. Among the given shapes, rectangle (1:3) and triangles are not prone to be reconstructed with a few largest harmonics. Generally speaking, less than ten largest Fourier descriptors can reconstruct the twelve given shapes by IFFT with SSRE <15%, which coincides with the results of Ref. 15.
Profile roughness
In terms of shapes profile roughness, Diepenbroek has adopted the first twenty-four coefficients (Fourier descriptors) of Fourier transformation results to make description. 6, 16 The equation was given as
where R(0) and I(0) is the Fourier 0th real and imaginary amplitude. To simplify this equation with the inspiration of Eqs. (6) and (8) can be rewritten as
In addition, it eliminates the effect of shape size, and only focuses on the irregularity of shape boundary.
In Table 1 , three different roughness results are shown as Diepenbroek Roughness (DR), Normalization Amplitude Roughness (NAR) and Shape Factor (SF) which is the most sensitive one to the boundary irregularity (Shape Factor: F = P 2 /(4p A), P, perimeter; A, area of the shape, reciprocal of form factor 1 ). The result of triangle is a little less than that of rectangle (1:3) from SF results, while there exist dramatic differences among the results of DR or NAR. The SF and DR (or NAR) results between ellipse (1:3) and triangle are different because SF of triangle is greater than that of ellipse (1:3), and is opposite to DR (or NAR) results. This may be due to the deviation of radial measurements because ellipse (1:3) is more serrated than that for the triangle.
According to the above analysis, it can be observed that the shape characteristics can be comprehensively described by FFT results. The size of shapes and boundary irregularity can be reflected by FFT amplitude; the FFT amplitudes distribution can reveal the asymmetry, triangularity and squareness of shapes. Moreover, the main features of shapes can be distinguished through FFT for some similar shapes such as rectangles and ellipses. However, there are some difficulties in accurately differentiating shape orientation by means of FFT results. 4. Wavelet transformation for simple shapes
Analysis of WT results
As shown in Fig. 5(a) , the approximation signals from low frequency information is plotted, reflecting the main characteristics of the shapes with 4 layers from a 1 to a 4 . In Fig. 5(b) , detail signals from high frequency information with 4 layers ranging from d 1 to d 4 are depicted. Based on the results of WT, it can be observed that approximation signals of circle, ellipses, square and rectangles show different features which can be applied to classifying the shape types at the first stage. For instance, while studying the results of WT for rectangle and ellipse, it can be found that for the main characteristic signals, differences can be found from the 1st layer (a 1 ) to the 3rd layer (a 3 ), while the 4th layer signals (a 4 ) are almost the same. This may be because that further approximation signals (a 4 ) reflect the shapes' original type.
In terms of the same shapes with different orientations such as ellipse (1:2) and ellipse (2:1), triangle-1 and triangle-2, square-1 and square-2, and rectangle (1:2) and rectangle (2:1), it can be observed that the main characteristic signals revolve a certain angle between the same shapes because of their different orientations. For instance, there exists a difference of orientation angle 90°between ellipse (1:2) and ellipse (2:1).
Additionally, detail signals of these shapes demonstrate the same characteristics.
As the ratio of axis/side length increases, the approximation signals and detail signals of ellipses remain the same in characteristics. Also, differences can be detected when the maximum amplitude of approximation signals and detail signals increase as the ratio of axis/side length rises. However, the trends in the quadrangle group including square-1, rectangle (1:2) and rectangle (1:3) are different for both approximation signals and detail signals. Besides, the distribution of a4 signals of ellipses group changes gradually into two-peaks as the ratio of axis/ side length increases, and the same trend can be found for quadrangle as well.
Similarity of shapes by WT results
In order to quantitatively describe the similarity of the two shapes, Fourier descriptors by Eq. (6) can be adopted. WT results can be employed as well. For two similar signals with different orientations (such as square-1 and square-2), the differences in orientation can be determined by using the minimum Sum of Squares of Relative Error (SSRE) between the two signals after one of them translating a certain angle h (0 6 h < 360°). Still, the above case is only considered when the two signals are in the similar amplitude range. If the same signals were amplified or offset, the desired results would not be obtained by using the above mentioned method. As a result, these signals need to be normalized by employing the maximum amplitude, which is also an indicator for size ratio of the two signals.
As for Normalization signals, SSRE of signal translation h 0 and size ratio can be calculated respectively by Nr i ðhÞ ¼ r i ðhÞ maxðr i ðhÞÞ ð10Þ
In the above equations, r i (h) is the signal sequence for accumulative angle h, and max (r i (h)) represents the maximum amplitude of signal sequence r i (h). Nr i (h + h 0 ) demonstrates the normalized signal sequence Nr i (h) after translation h 0 (0 6 h 0 < 360°). SSRE i j ðh 0 Þ is a series of the sum of squares of relative errors of signal sequence i after translation h 0 to signal sequence j. SR i j represents relative size ratio between signal sequence i and signal sequence j.
Through computing SSRE of the two signals, the relative position of the two shapes can be demonstrated by the minimum SSRE i j ðh 0 Þ with signal translation h 0 . Besides, the number of the minimum SSRE can be applied to indicating the shape symmetry, with the same sequence i and j. Here, the similarities of ellipses are calculated by using the approximation signal a1. The results are as follows: two symmetry positions for ellipse (1:1.5) itself at 0 and p; two minimum SSRE 
Application in material science
Extracting geometric signatures
In order to use FFT and WT, the geometric signatures should be extracted firstly from the phase of Titanium alloy and SiC particle in SiCp/Al composites, as shown in Figs. 6(a) and 7(a). Images smoothing and binarization have been processed to differ the second phases from matrix. A smooth shape edge has been obtained by means of dilation and erosion processing as shown in Figs. 6 and 7 .
The calculation of shape centroid coordinates by using the image processing function of MATLAB software:
(1) In binary images, the images are presented by a matrix with 0 and 1 only, where ''1'' represents the pixel in prospect, and ''0'' stands for the pixels in background. The coordinates of each pixel in prospect are recorded by abscissa i and ordinate j, as shown in Fig. 6 (c).
(2) Set the quality of pixels in prospect as 1, namely f(i, j) = 1. (3) The total quality for all pixels in prospect is counted:
fði; jÞ The extraction of geometric signatures:
(1) Show the second phase edge only, extract the pixel in prospect where the adjacent pixels are at least with a value ''0'', and record the pixel coordinates. (2) Record radial measurements by radial vector originating from the centroid and terminating at the outlines of the shape sweeping through 360°from x axis along the counter-clockwise. 128 radial measurements are extracted as the simple shapes above.
Spectrum analysis
According to Fig. 6(a) , the shape type of the selected phase in Titanium alloy looks like ellipse or rectangle with distinct symmetry, while the edge is not smooth. The shape type of the selected SiC particle is much like rectangle with low symmetry, as shown in Fig. 7(a) . However, the edge of the particle is a little smoother than that of the selected phase in Titanium alloy.
As to the extracted geometric signatures, the FFT and WT results of the two shapes are processed and shown in Fig. 8 . It can be found that the amplitudes are salient in the range of 0-0.1 Hz, especially for the 1st and 2nd normalized amplitude from FFT results. In contrast to the FFT results of the above simple shapes, these two shapes are close to ellipse (1:3) or rectangle (1:2). Still, there exist some differences such as the 1st and 3rd normalized amplitude of FFT results of the selected Titanium alloy phase, and SiC particles are especially greater than ellipse (1:2) or rectangle (1:3) with lower symmetry of these two shapes than ellipse (1:2) or rectangle (1:3). Besides, the 1st FFT normalized amplitude for the Titanium alloy phase is greater than that of SiC, which can be supported by WT results that detail signal d1 layer of the Titanium alloy phase is more serrated. Concerning WT results, it can be found that the approximation signals of the selected Titanium alloy phase are more similar to ellipse (1:2). Although, approximation signals a 4 of SiC particle are similar to rectangle (2:1) and ellipse (2:1), a 1 , a 2 and a 3 are much more close to ellipse (2:1). As for detail signals, d 4 is close to ellipse (2:1) while d 1 and d 2 are different. The roughness of the two shapes has also been calculated as shown in Table 2 . The DR or NAR results of the selected Titanium alloy phase are a little greater than those of the selected SiC particle, while SF shows reverse results. This difference may be due to the definition of SF from the area and the perimeter of shapes. According to Figs. 6(c) and 7(c), the edge of the selected Titanium alloy phase is much more serrated than that of the selected SiC particle, which can be reflected by the FFT results more comprehensively.
In the study of material science, the simple shapes are usually utilized to represent the analyzed shapes or particles in order to simplify the computation such as geometrical model in numerical simulation. 17, 18 In accordance with observation of these two shapes, they are close to ellipse or rectangle. Using Eq. (6), the difference (or similarity) between selected shapes and selected simple shapes are calculated. The minimum SSRE of original signals and approximation signals (from a 1 to a 4 ) of the selected shapes are shown as well by using Eqs. (10) and (11) . In Table 3 , the selected Titanium alloy phase is close to ellipse (1:2), and SiC particle with lower difference (high similarity) to rectangle (1:2) from FFT results. Both the minimum SSRE of original signals and approximation signals of Titanium alloy phase indicate that it is more close to rectangle (1:3) than the other selected shapes. While in Table 4 , SiC Fig. 8 Results of spectrum analysis for the selected Titanium alloy phase and selected SiC particle. Hence, minimum SSRE of original signals and approximation signals is a more appropriate tool to trace the similarity between shapes when it focuses on the shape profiles.
Conclusions
Through Fourier and Wavelet transformation, two types of shapes including twelve simple shapes and two selected second phases in real microstructure morphology were analyzed respectively.
(1) By comparing the FFT results of simple shapes, it can be found that different shapes led to various FFT results, which could be applied to characterizing particle patterns such as profile roughness and similarity. The first eight Normalization amplitudes and the number of the largest amplitudes were analyzed. The Diepenbroek Roughness was rewritten by Normalization amplitudes of FFT results. (2) Through WT analysis, the Squares of Relative Errors (SSRE) of Wavelet transformation signal sequences including the approximation signals and detail signals can be used to estimate the orientation and symmetry of shapes. As a complement to FFT results, the WT results retain more detailed information of shapes including their orientations. (3) In contrast to the FFT results of simple shapes, the selected Titanium alloy phase was close to ellipse (1:2), and SiC particle was much similar to rectangle (1:2). However, from minimum SSRE of original signals and WT approximation signals, the Titanium alloy phase was much closer to rectangle (1:3) and SiC particle was alike ellipse (1:3). 
